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MATRIX SHEAR LAG ANALYSIS UTILIZING A HIGH-SPEED 
DIGITAL COMPUTER 

by 

Wi1lia.m K .  Rey% 

INTRODUCTION 

Soon a f t e r  the  introduct ion of the semi-monocoque type of construc- 

t i o n  i n  arircraft ,  son'c of  the problems encountered i n  ana ly t i ca l ly  de- 

terminirjg the  stress d i s t r i b u t i o n  i n  t hc  s t ressed-skin s t ruc tu re  re- 

ceived considerable a t t en t ion .  

t h e  sk in  i n  determining the  d i s t r ibu t ion  of load between the  stiffeners 

and the  sk in  was one of the  most d i f f i c u l t  problems t o  solve s a t i s f a c -  

t o r i l y .  This problem of accounting f o r  shear  deformations i n  determin- 

i n g  the stress d i s t r i b u t i o n  became known a s  t h e  shear  l a g  problem i n  

the  United S ta t e s  and t h e  s t ress-diffusion problem i n  Great Br i ta in .  

Accounting f o r  t he  shear  deformations of 

During the  la . te  1930's and ea.rly 1940's a number of inves t iga tors  

pubiisiied f a i r l y  r igorous  mathematical analyses of t he  shear  l a g  prob- 

l e m .  These mathematical treatments were of l imi ted  usefulness f o r  

var ious reasons. I n  some of these.analyses,  i n  order  t o  obta in  a so lu-  

t ion,  an ideal ized s t ruc tu re  o r  ma.thematica1 model was used t h a t  d i d  

not  adequately represent  a n  a c t u a l  s t ruc ture .  I n  o t h e r  analyses, assump- 

t i o n s  of i n f i n i t e  length,  unusual area va r i a t ions  or a l imi ted  number 

of s t i f f e n e k  r e su l t ed  i n  so lu t ions  t h a t  were d i f f i c u l t ,  if not impossi- 

ble, t o  apply t o  a practica.1 s t ructure .  The most s a t i s f a c t o r y  analyses, 

from the  standpoint of a.dequa.te representation of t he  s t ruc ture ,  were 
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impractical to use for design purposes due to the large amount of com- 

putational effort required. 

In 1948, Paul Kuhn of the National Advisory Committee for Aero- 

nautics published a simplified analysis based upon the concept of a 

substitute single stringer that made possible the analysis of multi- 

stringer panels with a minimum of computational effort. 

simplified analysis proposed by Kuhn has been widely accepted and used 

throughout the a.ircraft industry. However, since the Kuhn analysis re- 

quires the use of empirical relations that were obtained from a very 

limited experimental program, some questions have arisen concerning the 

use of the Kuhn analysis for certain types of structures. 

Since 1948, the 

By using high-speed digital computers, it is now possible to per- 

form detailed structural analyses that were formerly impractical due 

to the large computational effort required. In general, in order to 

utilize a digital computer for this purpose, it is necessary to use ma.- 

trix methods adapted to the specific structure. 

In this report, a brief discussion of some of the early efforts to 

After discussing some of the solve the shear lag problem is presented. 

early work, an analysis of the shear lag problem based upon the Maxwell- 

Mohr Method is presented. Using matrix methods, this Maxwell-Mohr analy- 

sis is adapted for solution by a high-speed digital computer. 

the appendices, two numerical examples are presented in which the Maxwell- 

Mohr analysis is applied to the thrust structure of the C-5 launch vehicle. 

Recommendations for further study and investigation of the shear lag prob- 

lem are given. 

In one of 
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RFVIEN OF PREVIOUS WORK 

A survey of the  r ead i ly  avai lable  l i t e r a t u r e  was conducted a s  a 

means of becoming f ami l i a r  with the work of  other  i nves t iga to r s  who 

have s tudied  t h e  shear  l ag  problem. The r e s u l t s  of t h i s  survey a re  

presented a s  references 1 through 54. Although t h i s  l i s t  of refer- 

ences i s  not a complete l i s t  of a l l  published a r t i c l e s  r e l a t i n g  t o  

shear  lag, i t  i s  believed t o  include t h e  major cont r ibu t ions  t h a t  have 

been published i n  the  English language. 

One of the first,  if not t he  first, published d i s c u s s i m s  o f  t he  

shear  l a g  problem w a s  presented i n  Great B r i t a i n  by Winny i n  r e fe r -  

ence 54. Winny considered the  d i s t r ibu t ion  o f  the  normal stress i n  

t h e  unst i f fened sk in  o f  a wing between two spars  subjected t o  a 

known spanwise bending moment d is t r ibu t ion .  

i e r  s e r i e s  so lu t ion  f o r  the  d i f f e r e n t i a l  equations of equilibrium. 

I n  Great Bri ta in ,  t h e  work o f  Winny was followed by t h a t  of  Argyris 

i n  references 3 through 6, Cox i n  references 11 through 13, Duncan 

i n  reference 16, Fine i n  references 19 and 20, Goodey i n  reference 

22, Smith i n  reference 50 and W i l l i a m s  i n  references 52 and 5'3. 

of the  most comprehensive discussions a r e  those of Argyris i n  refer- 

ence 5'7, Cox i n  reference 13 and Goodey i n  reference 22. 

Winny obtained a Four- 

Three 

I n  Germany, Ebner considered the shear  l ag  problem a t  about the 

same time as e a r l y  inves t iga tors  i n  Great Br i t a in  and the United S ta tes .  

Two of  Ebner's papers were t rans la ted  and are a v a i l a b l e  as references 

1 7  and 18. 

I n  the  United S ta tes ,  some of  the f irst  published so lu t ions  of  

t he  shea r  l a g  problem were those of Kuhn i n  references 29 through 32, 
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Lovett in reference 39, Reissner in reference 43 and Sibert in refer- 
ence 49. 

cations and in reference 36 presented one of the most comprehensive dis- 

cussions of shear lag effects that is currently available. Other impor- 

tant contributions are those of Borsari in reference 8, Chiarito in refer- 

ences 9 and 10, Duberg in reference 15, Hildebrand in references 24 and 

25, Hoff in references 26 and 27, Kempner in reference 28, Levy in refer- 

ence 37, Reissner in references 45 and 46 and White in reference 51. 

Kuhn followed his early work with a. number of other publi- 

Unfortunately, the large majority of the solutions presented in the 

references cited above are not directly applicable to a multi-stiffened 

structure with tapered flanges such as the thrust structure of the C-5 

launch vehicle. 

f o r  a panel consisting of only one stiffener plus a flange to which the 

load is applied. When the same type of analysis is applied to a panel con- 

taining more than one stiffener, the labor involved in performing the anal- 

ysis and obtaining a solution increases very rapidly. Furthermore, the ex- 

pressions obtained for the stress distributions become considerably more 

complex and awkward to use. 

ity with the number of stiffeners, an exact analysis of a panel consisting 

of two stiffeners in addition to the flange is presented in Appendix A. 

This analysis is the same as that presented by Kuhn in reference 36 for 

a single stiffener. 

stiffened cylinder if the proper areas are used in computing the shear lag 

parameters. 

A number of investigators have obtained exact solutions 

To illustrate the ra.pid increase in complex- 

Note that this analysis may also be applied t o  a 

The one analysis that is ralatively simple t o  apply to a multi-string- 
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er stiffened panel is the analysis of Kuhn based upon the concept of 

a substitute single stringer as presented in references 35 and 36. 

Since the application of the substitute single stringer analysis re- 

quires the use of empirical relations that were determined from the 

results of a limited experimental program, further study of this 

method is desirable. 

In addition to the analytical and experimental studies mention- 

ed above, the electrical analogy solutions presented by Newton in 

reference k1 and Ross in reference 47 are of particular interest. 

These electrical analogies make it practical to apply some of the 

more rigorous analytical solutions to a practical stmcture. 

A brief survey of the literature relating tb the application 

of matrix methods in structural analysis was a l s o  conducted. The 

results of this literature search are presented as references 55 

through 98. 
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MATRIX A N A L Y S I S  OF STIFFENED PANEL 

A shear lag analysis based upon the application of the Maxwell-Mohr 

Method appears to offer a number of advantages over some of the other 

analyses. 

ly adapted to matrix notation, solutions may be obtained utilizing a digi- 

tal computer. 

the analysis, it should be possible to obtain future solutions with a. min- 

imum expenditure of time and effort. 

the consideration of a number of alternate designs f o r  the purpose of ob- 

taining a minimum weight design. 

Bruhn  in reference 61 have shown how this type of analysis may be applied 

to a variety of structures. 

Since an analysis based upon the Maxwell-Mohr Method is readi- 

Therefore, after a computer program has been written for 

This procedure would make possible 

Wehle and Lansing in reference 98 and 

The application of the Maxwell-Mohr Method requires that the actual 

structure be replaced by an idealized structure composed of simple struct- 

ural elements. 

two immediately apparent choices for the idealized structure. 

the idealized structure may be visualized as being composed of sheet ele- 

ments that transmit only shearing forces plus stiffeners that transmit 

only normal forces, 

may be taken as the actual stiffener area plus the area of an equivalent 

width of sheet that acts with the stiffener in resisting the no'r?nal forces. 

For a multi-stringer stiffened panel, there are at least 

In one case, 

The area of each stiffener in this idealized structure 

An idealized structure of this type is used in the numerical example of 

Method I presented in Appendix E. 

structure may be made by distributing the stiffener areas over the sheet to 

produce an equivalent unstiffened pael. 

An alternate choice for the idealized 

Since there aye no stiffeners in 
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t h i s  ideal ized s t ruc ture ,  the equivalent. sheet mater ia l  must r e s i s t  both 

shearing and normal forces .  

s t r u c t u r e  i s  presented a s  Method I1 i n  Appendix E. 

ployed throughout Appendix E i s  the same a s  t h a t  used by Bruhn i n  r e f -  

erence 61. 

A numerical example using t h i s  type of 

The notat ion em- 

I n  adapting t h e  Maxwell-Mohr Method f o r  solut ion by matrix a lge-  

bra,  i t  is  necessary t o  have ana ly t ica l  expressions f o r  the f l e x i b i l -  

i t y  coef f ic ien ts .  

symbol a i j  and correspond t o  the displacement a t  the point i due to  

a un i t  change i n  force  a t  the  point j .  Wehle and Lansing i n  r e f e r -  

ence 98 have obtained a n a l y t i c a l  expressions f o r  the f l e x i b i l i t y  co- 

e f f i c i e n t s  of a v a r i e t y  of s t r u c t u r a l  elements. 

for t h e  f l e x i b i l i t y  coef f ic ien ts  are a l s o  given by B r u h n  i n  reference 

These f l e x i b i l i t y  coef f ic ien ts  a r e  denoted by the 

These expressions 

61. 

I n  reference 36, Wehle and Lansing present the f l e x i b i l i t y  co- 

e f f i c i e n t s  f o r  a bar with a tapering area subjected t o  a uniformly 

varying a x i a l  force.  These f l e x i b i l i t y  coef f ic ien ts  a r e  expressed 

i n  terms of parameters t ha t  a r e  functions of the  taper  r a t i o .  

ever, Wehle and Lansing do not give the a n a l y t i c a l  expressions f o r  

these  parameters although they do represent them i n  graphical  form. 

I n  order t o  u t i l i z e  a computer t o  generate t h e  elements i n  a matrix 

of  f l e x i b i l i t y  coef f ic ien ts ,  i t  i s  necessary t o  have func t iona l  ex- 

pressions f o r  these parameters instead of graphical  representat ions.  

Therefore, a n a l y t i c a l  expressions f o r  the  f l e x i b i l i t y  c o e f f i c i e n t s  of 

a tapered bar  a r e  derived i n  Appendices B and C. 

bar  having a l i n e a r l y  taper ing area i s  considered. 

How- 

I n  Appendix By a 

I n  Appendix C. 
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a bar having l i n e a r l y  varing dimensions i s  considered. 

The equivalent sheet ana lys i s  presented a s  Method I1 i n  Appendix E 

requires  the use of f l e x i b i l i t y  coef f ic ien ts  f o r  a panel subjected t o  a 

uniformly varying shear flow, Since t h i s  type of loading was not con- 

s idered i n  any o f  the references consulted, expressions f o r  the f l e x i -  

b i l i t y  coeff ic ients  of a panel subjected t o  a uniformly varying shear  

flow a r e  derived i n  Appendix D. 

I n  the analyses presented a s  Methods I and I1 i n  Appendix E, the  sheet 

mater ia l  was assumed t o  be capable o f  t ransmit t ing the  loads without buck- 

l i n g .  

o f  buckling by an appropriate reduction i n  the width o f  sheet  assumed 

t o  a c t  w i t h  each s t i f f e n e r  i n  r e s i s t i n g  compressive forces .  

would introduce addi t iona l  uncertant ies .  

I1 i n  Appendix E would be d i f f i c u l t  t o  apply i n  the  presence of buckling. 

It may be possible  t o  use the analysis  o f  Method I i n  the presence 

However, t h i s  

"he ana lys i s  presented a s  Method 

The analysis  presented as Method I1 i n  Appendix E has the  advantage 

of providing a more de ta i led  s t r e s s  d i s t r i b u t i o n  immediately adjacent t o  

the  flange o r  post  where the  s t r e s s  gradient i s  l a r g e s t .  

have t h e  disadvantage o f  requiring the inversion o f  high-order matrices. 

Both analyses 



CONCLUDING REMARKS 

The results obtained in the numerical examples of Appendix E 

illustrate the use of the Maxwell-Mohr Method in performing a shear 

lag analysis of a complex structure. 

the need of a high-speed digital computer to fully utilize the analy- 

tical procedures presently available. However, these results do not 

represent the ultimate solution to the shear lag problem. 

study of the application o f  the Maxwell-Mohr Method is necessary in 

which different choices of the idealized structure are made. The 

application of this method to a panel containing cut-outs o r  discon- 

tinuities should be investigated. Furthermore, some of the rigorous 

analyses such as those employing stress functions should be investi- 

gated to determine the feasibility of adapting other analyses to 

digital computer solutions. 

These results also demonstrate 

Further 

The available published literature contains very little useful 

experimental data. 

compare the stress distributions obtained analytically with actual 

stress distributions. 

Additional experimental data are required to 

The possibility of utilizing one of the available solutions in a 

minimum-weight analysis should be investigated. 

should probably be delayed until an adequate experimental program has 

determined the most satisfactory analytical solution. 

However, this study 

A number of these areas requiring further study will be investi- 

gated in the performance of contract NAS8-5168. 
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APPENDIX A 

STRESS DISTRIBUTION FOR UNSYMMETUCAL LOADING 

For  the  cyl inder  shown i n  f i g u r e  A1 o r  the f l a t  panel  shown i n  

f i g u r e  A2, expressions may be derived f o r  t h e  normal s t r e s s e s  i n  t h e  

f langes  and s t i f f e n e r s  and the shearing s t r e s s e s  i n  webs assuming an 

i n f i n i t e  t ransverse s t i f f n e s s .  These are the  type of  expressions re- 

f e r r e d  t o  by Kuhn on page 123 of reference 36. 

P f h  P 

P L 

I 
r L 

1 
- b -  

I 
Figure A 1  Figure A 2  

I n  both f igu res  the load D i s  appl ied t o  flange 1 and. the web thick- 

ness i s  t. 
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T 
dx 

1 
Figure A 3  

From t he  free-body diagrams of f igu re  A3, the  following equations o f  

equilibrium a re  obtained: 

- = -  2t Tc 

dx !F1 

- - ('I;1 + T2) 
- =  daL t 

Az 

- = -  2t 'I; 

dx 

dx AF 2 

where, a 

(3 

T 

is  the normal s t r e s s  i n  flange 1 

i s  the normal s t r e s s  i n  flange 2 
F1 

F2 
i s  the shearing s t r e s s  i n  the  web between f lange 1 and the 
s t i f f e n e r  

i s  the shearing s t r e s s  i n  the web between f lange  2 and the 
s t i f f e n e r  (%I. 

T 

The re la t ionships  between the shearing s t r e s ses ,  7; and 'I; 1 2' 
normal s t r e s ses ,  CT , CT and CT a r e  

and t he  

F1 F2 L 

I 
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d7; 

dx Eb F1 
- - -  I - (0  - OL) 

- OL) 
2 G  d’I; 

dx Eb (OF2 
- = -  

Different ia t ing equations A 4  and A S  with respect t o  x and subs t i t u t ing  

equations Al, A 2  and A 3  i n  t he  r e s u l t  y i e lds  

and. 
dx2 Eb 

- +  

Defining A = A + AL, equations A 6  T F  

I 

and A 7  become 

2 
1 - G t  d ? ;  

dx2 Eb 

2 

- - - ( 
+ tT2) 

2 - Gt A T  - --( tT d’I ;  +-.) 

dx2 Eb \ A#L 

(Eq.A7) 

Shear l a g  parameters K and K a r e  defined a s  1 

K1 =J % Eb =jw (Eq.10) 

K 2 =Jm 
Equations A 8  and A 9  may now be wr i t ten  a s  

2 
d T l  K 2 T - K  2 ‘G = O  - -  

2 1 1  2 2  d x  

2 
2 2 d T  

- -  K T - K T  = O  
2 2 1  1 2  d x  



Solving equation A12 f o r  T and subs t i t u t ing  i n  equation A 1 3  2 

4 2 

T1 - 2K: 9 + (& 1 - e) T~ = 0 dx4- dx 

Equation A& has a so lu t ion  of  t he  form 

T~ = C1 exp y x  + C exp m x + C e- m x + C4 exp mhx +% (Eq.AlS) 2 2 3 3 

1, C2, C3, and C where C 

"I, m2, m3, and m a r e  the  roo t s  of the  equation a r y  condi t ions and 

a r e  constants t o  be determined from the bound- 4 

4 
4 m - 2K2m2 + & - K4 = 0 ,  1 1 2  

The roo t s  a r e  
P 

Subs t i t u t ing  these  roots ,  equation A 1 5  becomes 

c1 exp K3x + C2 exp (-K3x) * C exp K x + C exp (-K X )  4 4 4 
' G =  

3 
( Eq .A16) 

2, 
Subs t i t u t ing  equation ~ 1 6  i n t o  equation A12 and so lv ing  f o r  T 

T = c exp K x - C2 exp (-K3x) - C exp K x .t C exp ( - K ~ x )  
2 1  3 3 4 4 

(Eq.Al7) 
The boundary conditions are:  

(1) A t  x = 0, T = 0 1 
( 2 )  A t  x = 0, T 

( 3 )  A t  x = L, o 

= 0 2 
P 

= - and o = 0 *1 AF L 

( 4 )  -4t x = L, o = 0 and oL = 0 
F-3 

L 

Applying the boundary conditions t o  equations ~ 1 6  and A 1 7  y ie lds ,  a f t e r  

s impl i f ica t ion ,  

U _ _  
' The nota t ion  exp u denotes e . 
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1 exp ( -K4L) - exp ( -K4x) 
1 1 - (exp K L - exp K x)  + - K 3 3 K4 

K 3 exp K 3 L + K4 exp (-K4L) 

(Eq.A29) 
PGt [ - 

OL - E q q  

Equations A22 and A23 f o r  the shearing s t r e s s e s  combined with equations 

A27, ~ 2 8 ,  and A29 f o r  the normal s t r e s s e s  completely descr ibe the  stress 

d i s t r ibu t ion  i n  the  cyl inder  o f  f i gu re  A 1  o r  the  f l a t  panel  of  f i g u r e  

A2.  



17 

APPENDIX B 

FLEXIBILITY COEFFICIENTS FOR A BAR WITH A LINEARLY TAPERING AREA 
SUBJECTED TO A UNIFORMLY VARYING AXIAL FORCE 

I n  order  t o  f u l l y  u t i l i z e  computer c a p a b i l i t i e s  t o  generate the  

elements i n  a matrix of f l e x i b i l i t y  coef f ic ien ts ,  i t  i s  necessary t o  

ob ta in  a lgebra ic  expressions f o r  the f l e x i b i l i t y  coe f f i c i en t s .  Wehle 

and Lansing i n  reference 98 have developed expressions f o r  the f lexi-  

b i l i t y  coe f f i c i en t s  o f  members subjected t o  various loadings. 

ever, they do not give a lgebra ic  expressions f o r  t h e  f l e x i b i l i t y  

coef f ic ien ts  o f  a bar with a l i nea r ly  tapered a rea  subjected t o  a 

unifoimly varying a x i a l  force .  

b r a i c  expressions are derived. 

t h a t  used by Bruhn and Schmitt i n  reference 61. 

How- 

In t h i s  appendix, the  necessary alge-  

The notat ion employed i s  the  same a s  

Consider the  bar  shown i n  f igu re  B 1  i n  which the  area va r i e s  

l i n e a r l y  f r o m  A i  t o  A j . 
/////////~’////////////////////////////////////~ 

Bj 

Figure B1 

The a r e a  Ax a.t a d i s tance  x f r o m  the a r e a . A i  may be expressed a s  

Ax = A i  + X ( A j - A i ) .  (Eq. B l )  E 
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If the shear f l o w  i n  the  web attached to  

s t a n t ,  the  force i n  the bar,  %, a t  s t a t i o n  x 
X 

The s t r a i n  energy i n  the bar i s  given by 
f L 9  

and the f l e x i b i l i t y  coe f f i c i en t s  a r e  given by 

a2u a = a  = 
i j  j i  aqiaqj 

the  bar  i s  assumed con- 

may be expressed a s  

(Eq.B2) 

3 

a'u a = -  ii 2 as; 
I 

Subs t i tu t ing  the  expressions f o r  

i n t o  equations Bk, the  equations 

(Eqs  B4) 

q and given by equations B2 and B3 

f o r  the f l e x i b i l i t y  c o e f f i c i e n t s  be- 
7 

Den0 t i n g  

a =  ii 

a =  
j j  

*i the area ra t io  - 
j 

A by c, equations BS be come, a f t e r  integra . t ion 



19 

where, 
I 

c + l  c - + - l n c  
2 1-c 

+ I n c  -3c c2-4c+3 cbii = 
( L - ~  13 ( 2 

I n  Table B1, values of the parameters 

1a.ted for 0.01 increments of  c from 0.10 t o  0.90. 

(b parameters a.re p lo t t ed  versus the area. ra . t io  c. 

Qii, QjS and @ i j  are ta.bu- 

I n  f i g u r e  B2, the 
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Ta.ble B1 

Flexib i l i ty  Coefficient Pa.ra,meters for a. Linearly Tapering Area 

- 
C 

0.05 
0.10 
0.11 
0.12 

0.14 
0.13 

0.15 
0.16 
0.17 
0.18 
0.19 
0.20 
0.21 
0.22 

0.24 
0.23 

0.25 
0.26 

bi i 

0.2790 
0.4105 
0.4312 
0.45’06 
0.4689 
0.4862 
0.5026 
0.5181 
0.5329 
0.5471 
0.5606 
0.5736 

0.5979 
0.6094 

0.5860 

0.6205 
0.6312 
0.6415 

0.27 0.6515 
0.28 : 0.6611 
0.29 1 0.6705 
0.30 ; 0.6795 
0.31 I 0.6883 
0.32 i 0.6968 
0.33 I 0.7051 
0.34 
0.35 
0.36 
0.37 
0.38 
0.39 
0.40 
0.41 
0.42 
0.43 
0.44 
0.45 
0.46 
0.47 
0.48 
0.49 
0.50 

0.7132 
0.7210 
0.7286 

0 7432 
0.7503 
0.7572 
0.7639 
0.7704 
0.7768 
0.7831 
0.7892 

0.8010 

0.8123 

0.7360 

0.7951 

0.8067 

0.8178 

0 e 0719 
0.1391 

0.1649 

0.1901 

0.2149 
0.2271 
0.2391 

0.1521 

0.1776 

0 2026 

0.2511 
0.2629 
0 e 2747 
0.2863 
0.2979 
0.3093 
0.3207 
0.3320 
0.3431 
0.3542 
0.3652 
0.3762 
0.3870 
0.3978 
0.4084 
0.4190 
0.4296 
0.4400 
0.4504 
0.4607 
0.4710 
0.4811 
0.4913 
0 e 5013 
0 e 5113 
0.5212 
0 a 5311 
0.5408 
0.5506 
0.5603 
0.5699 
0.5794 

ti  j 
0.1221 
0.2179 
0.2351 
0.2518 
0.2681 
0.2839 
0.2992 
0 e 3142 
0.3288 
0.3431 
0.3570 

0.3839 
0.3969 
0.4097 
0.4222 
0 * 4344 
0.4464 
0.4582 
0.4698 
0.4811 
0.4923 
0 5’033 
0.5140 
0.5246 
0.5351 
0 5453 
0 5554 
0.5653 
0.5752 
0.5848 

0.6036 
0.6128 
0.6219 
0.6309 
0.6398 
0.6485 
0.6571 
0.6656 
0.6740 
0.6822 

0.3706 

0 4 5943 

- 
C 

0.51 
0.52 
0.53 
0.54 
0.55 
0.56 
0.57 
0.58 
0.59 
0.60 
0.61 
0.62 
0.63 

0.65 
0.64 

0.66 
0.67 
0.68 

0.70 
0.71 
0.72 
0.73 
0.74 
0.75 

0.77 

0.79 

0.69 

0.76 

0.78 

0.80 
0.81 

0.83 

0.85 
0.86 
0.87 
0.88 
0.89 

0.82 

0.84 

0.90 
0.95 
1.00 - 

! 
0.8231 0.5889 
0.8284 1 0.5984 
0.8335 0.6078 
0.8386 : 0.6171 
0.8435 1 0.6264 
0.8483 i 0.6356 
0.8529 i 0.6448 
0.8579 I 0.6540 
0.8626 ! 0.6631 
0.8670 
0.871k 
0.8758 
0.8800 
0.8842 
0.8884 
0.8924 
0.8964 
0.9002 
0.9037 
0.9068 
0.9118 
0.915’5 
0.9191 
0.9227 
0.9262 
0.9297 
0.9331 
0.9365 
0.9398 
0 9431 
0.9463 
0.9494 
0.9524 
0 9555 
0.9586 
0.9616 
0.9646 
0.9676 
0.9705 
0.9734 
0.9872 
1.0000 

0.6721 
0.6811 
0.6900 
0.6989 
0.7078 
0.7166 
0.7253 
0.7340 
0.7426 
0.7511 
0.7593 

0.7770 
0.7854 
0.7939 
0.8022 
0.8106 
0.8189 
0.8272 
0.8354 
0.8436 
0.8517 
0.8598 
0.8677 
0.8753 
0.8834 
0.8915 
0.8996 
0.9077 

0.9234 
0.9619 
1.0000 

0.7685 

0.9156 

$i j  

0.6904 
0.6985 
0.7064 
0.7143 
0.7221 
0.7299 

0 7449 
0.7523 
0.7596 
0.7669 
0.7741 
0.7812 
0.7882 
0.7951 
0.8020 
0.8088 

0.7376 

0.8158 
0.8229 
0.8305 
0.8352 
0.8417 
0.8481 
0.8544 
0.8607 
0.8669 
0.8730 
0.8791 
0.8851 
0.8911 
0.8970 
0.9029 
0.9087 
0 Sa5 
0.9202 
0.9258 
0.9314 
0 9370 
0 9425 
0.9480 
0.9750 
1.0000 

1 
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F l e x i b i l i t y  Coeff ic ient  Parameters f o r  A Linear ly  Tapering Area. 
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A r e a  Rat io,  c 

Figure R2 
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A i  \ ,  

APPENDIX C 

.I Ai 
4 

nEXIBILITY COEFFICIENTS FOR A BAR WITH LINEARLY VARYING DIMENSIONS 
SUBJECTED TO A UNIFORMLY VARYING AXIAL FORCE 

In this appendix, algebraic expressions are derived for the flexibili- 

ty coefficients for a bar in which the typical cross-sectional dimension, 

such as the diameter of a round rod or width of a. square bar, varies linear- 

ly over the length of the bar. The bar shown in figure C1 is assumed to 

be subjected to a constant shear flow so tha.t the axia.1 force in the bar 

varies uniformly throughout the length. A s  in Appendix B, the notation 

Figure C1 

The equations for the normal force in the bar at any station and for 

the total strain energy stored in the bar are given in Appendix B by equa.- 

tions B2 and B3. If bi is the va,lue of the typica.1 dimension at x = 0 and 

bj the balue at x = L, the value at station x is given by 

bx = bi + (bj-bi) (Eq. c o  E 

The expressions for the flexibility coefficients in terms of the area will 

be the same as those given in Appendix B by equations BS. The integration 

is performed noting that the area may be expressed as 
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A, = Kb2 X = K ki + ( b j - b i d 2  

where K depends upon the cross-sectional shape. Again denoting the 

area r a t i o  5 
a r e  

by C, the  expressions f o r  the f l e x i b i l i t y  c o e f f i c i e n t s  
% 

1 L 
a i j  = 'q @ij  

where 

r 1 

I n  Table C1,  values of t h e  pa.rameters 

l a t e d  f o r  0.01 increments of c from 0.10 t o  0.90. 

4 parameters are p l o t t e d  versus the a r e a  r a t i o  c.  

O i i ,  ($55 and @i j  a r e  ta,bu- 

I n  f i g u r e  C2, the  
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- 
C 

0.05 
0.10 
0.11 
0.12 
0.13 
0.14 
0.15 
0.16 
0.17 
0.18 
0.19 
0.20 

’ 0.21 

Ta.ble C 1  

F l ex ib i l i t y  Coefficient Pa.rameters f o r  Linear ly  Va.rying Dimensions 

0.29 
0.30 
0.31 
0.32 
0.33 
0.34 
0.35 

i 0.36 
0.37 
0.38 
0.39 
0.40 
0.41 
0.42 
0.43 
0.44 
0.45 
0.46 
0.47 
0.48 
0.49 
0.50 

$ii 

0.4015 
0.5100 
0.5264 
0.5416 
0.5560 
0.5694 

0.5943 

0 e 6167 

0.5822 

0.6057 

0.6272 
0.6373 
0.6469 
0.6563 

0.6739 
0.6822 
0.6903 
0.6982 

0.7132 
0.7204 
0.7274 
0 7341 
0 7407 
0.7472 
0 7535 
0.75’96 
0.7657 
0.7717 
0.7773 
0.7829 
0.7884 
0.7938 
0 7991 
0.8042 
0.8094 
0.8146 
0.8192 
0.8240 
0.8287 
0.8334 

0.6652 

0.7058 

0.0898 
0.1613 
0.1746 
0.1876 
0.2005 
0.2131 
0.2255 
0.2377 
0.2498 
0.2617 
0.2734 
0.2850 
0.2965 
0.3078 
0.3190 
0.3301 
0 e 3411 
0.3520 
0.3628 
0.3735 
0.3840 
0.3946 
0.4051 
0 4153 
0.4255 
0 4357 
0.4458 
0.455’8 
0 4657 
0.4757 
0.4854 
0.4951 
0.5048 
0.5144 
0.5240 
0.5335 
0 5430 
0.5525 
0.5616 
0.5709 
0.5801 
0.5’893 

$i j 
~~ 

0.1795 
0.2774 
0.2940 
0.3100 
0.3252 
0.3400 
0 3542 
0.3680 
0.3814 
0 3944 
0.4070 
0.4193 
0.4313 
0.4431 
0 4545 
0 4657 
0.4766 
0 4874 
0.4979 
0.5’082 
0.5183 
0.5283 
0.5’378 
0 5477 
0 5571 
0.5664 
0 5756 
0.5846 
0.5934 
0.6019 
0.6108 
0.6193 
0.6277 
0 6360 
0.6442 
0.6523 
0.6601 
0.6676 
0.6759 
0.6836 
0.6912 
0.6987 

C 

0.51 
0.52 
0.53 
0.54 
0.55 
0.56 
0.57 
0.58 
0.59 
0.60 
0.61 
0.62 
0.63 

0.66 
0.67 

0.64 
0.65 

0.68 
0.69 
0.70 
0.71 
0.72 
0.73 
0.74 
0.75 
0.76 
0.77 
0.78 
0.79 
0.80 
0.81 
0.82 
0.83 
0.84 
0.85 
0.86 

0.88 
0.87 

0.89 
0.90 
0.95 
1.00 - 

Qii 

0.8379 
0.8424 
0.8468 
0.8512 
0.8555 
0.8600 
0.8650 
0.8678 
0.8719 
0.8758 
0.8797 

0.8874 
0.8911 
0.8948 
0.8985 
0.9023 
0.9057 
0.9091 
0.9125 
0.9159 
0.9193 
0.9226 
0.9259 
0.9291 
0.9324 
0.93% 
0.9386 
0.9418 
0.9449 
0.9479 
0.9509 
0.9539 

0.9599 

0.9658 

0.8836 

0.9569 

0.9629 

0.9687 
0.9716 
0.9745 
0.9880 
1.0000 

~~ 

k j 
0.5984 
0.6075 
0 6165 
0.6255 
0 6345 
0.6436 
0.6531 
0.6609 
0.6697 
0.6784 
0.6871 
0.6957 
0.7043 
0.7129 
0.72l-b 
0.7299 
0.7384 
0.7468 
0.7552 
0.7635 
0.7718 
0.7801 
0.7993 
0.7965 
0.8046 
0.8128 
0.8210 
0.8280 
0,8371 
0.8452 
0.8531 
0,8611 
0.8691 
0.8771 
0.8850 
0.8929 
0.9008 
0.9087 
0.9166 
0.9244 
0.9629 
1.0000 

Qi j 

0.7061 
0.7135 
0.7207 
0.7279 
0.7349 
0.7414 
0.7468 
0.7560 
0.7628 
0.7696 
0.7763 
0.7829 
0.7895 
0.7960 
0.8025 

0.8151 

0.8277 

0.8088 

0.82l-4 

0.8339 
0.8401 
0.8462 

0.8583 
0.8643 

0.8759 

0.8876 
0.8932 
0.8989 
0 9045 
0.9100 
0 9155 
0.9209 

0.9316 
0.9368 
0.9420 
0.9472 
0.9750 
1.0000 

0.8523 

0.8701 

0.8819 

0.9263 
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F l e x i b i l i t y  Coefficient Parameters for Linearly Varying Dimensions 
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Figure C 2  
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APPENDIX D 

/y 

FLEXIBILITY COEFFICIENTS FOR A PANEL SUBJECTED TO A UNIFORMLY 
VARYING SHEAR FLOW 

"2 

y 

I n  t h i s  appendix, a lgebraic  expressions a re  derived f o r  t h e  f l e x i -  

b i l i t y  coeff ic ients  f o r  a panel element simultaneously subjected t o  a 

uniformly varying shear flow and a uniformly varying a x i a l  f o r c e  a s  

- 131 1 4 -  Panel thickness = t 

Bruhn and Schmitt i n  reference 61 give the f l e x i b i l i t y  c o e f f i c i e n t s  f o r  

A 

the  axial forces a.s 

- L -  h 

L h 

- - - -  
a 11 = a.22 %E 3btE 

"12 = a 2 1  = 6AE = 6btE 
Assuming a l i n e a r  v a r i a t i o n  i n  the shear flow, 

where 9~ i s  the shear flow a t  s t a t i o n  x. The s t r a i n  energy of shear 

may be expresses a s  
1 -  2 

dx d.y - I 'L 
dUshea.r 2 G 

- -  

where T i s  the shea.ring s t r e s s .  
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Since t h e  shear flow i s  assumed constant i n  the  y-direction, the s t r a i n  

energy becomes 

/ b 

'shear 2 G  

2 
D b 

) d x  + q z l ?  2 dx + 2q3q4\(E - >)dx 

b b2 b 
0 0 

After in t eg ra t ing  and subs t i t u t ing  S = bh, the  expressions f o r  the 

f l e x i b i l i t y  coe f f i c i en t s  a r e  

S 
a34 = a43 = 6Gt 
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APPENDIX E 

WrnICAL EXAJYIPLEs 

I n  t h i s  appendix, two numerical examples are presented i n  which 

the Maxwell-Mohr Method employing matrix nota t ion  i s  used t o  determine 

the  stress d i s t r i b u t i o n  i n  the  th rus t  s t ruc tu re  of the C-5 launch ve- 

h i c l e  f o r  the rebound loading condition. A t y p i c a l  sect ion,  represen- 

t i n g  the  s t i f fened  panel f rom one of the hold-down pos ts  t o  an adja-  

cent t h rus t  post ,  i s  shown i n  f igure  E l .  

assumed t o  be a f l a t  panel having a width equal t o  the a r c  length o f  

the  curved panel. 

i s  7075-T6 aluminum a l l o y  having a Modulus of  E l a s t i c i t y ,  E, of 

10,500,000 p s i  and a Modulus of  Rigidi ty ,  G, of  k,OOO,OOO p s i .  

The t y p i c a l  sec t ion  i s  

The ma te r i a l  f o r  both the  sheet and the s t i f f e n e r s  

Method I 

The analysis  used i n  the  f i rs t  numerical example i s  re fer red  t o  

as Method I. 

cons is t  of a hold-down post t o  which the load i s  applied t h a t  t r ans -  

mits only normal s t r e s ses ,  s t i f f e n e r s  t h a t  t ransmit  only normal s t r e s -  

s e s  and sheet ma te r i a l  t h a t  transmits only shearing s t r e s s e s .  The 

generalized force  system used i n  the Method I ana lys is  i s  shown i n  

f igu re  E2. 

the hold-down post  a t  the indicated s ta . t ions , q9 through q106 repre-  

sen t  t he  normal f o r c e  i n  the  s t i f f e n e r s  a t  the  indicated loca t ions  

and 

I n  

I n  t h i s  ana lys i s ,  the idea l ized  s t r u c t u r e  i s  assumed t o  

I n  f i g u r e  E2, q1 through q8 represent  t he  normal fo rce  i n  

through qZo4 represent  the shear f l o w  i n  the indicated web. 107 
f igu re  E3, t h e  -generalized force  system i s  shown i n  g rea t e r  d e t a i l  
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f o r  the  element i n  bay 3 between the f i f t h  and s i x t h  s t i f f e n e r s .  

The hold-down post i s  assumed t o  have a l i n e a r l y  varying area i n  

Within each bay, t h e  shear flow i n  the sheet i s  assumed t o  each bay. 

be constant between adjacent s t i f f e n e r s .  A s  a r e s u l t  of the l a t t e r  

assumption, 

feners  vary l i n e a r l y  between s ta t ions .  

t h e  normal forces  i n  the hold-down post and i n  the  s t i f -  

The idea l ized  s t r u c t u r e  assumes t h a t  the t o t a l  s t r a i n  energy con- 

sists of  the sum of the following: (1) the s t r a i n  energy due t o  the 

normal forces  i n  the hold-down post, ( 2 )  the s t r a i n  energy i n  the skin 

due t o  the normal forces  a c t i n g  p a r a l l e l  t o  the s t i f f e n e r s ,  ( 3 )  t h e  

s t r a i n  energy due t o  the shear f low i n  the skin, 

energy due t o  the normal f o r c e s  i n  the s t i f f e n e r s .  

due t o  the normal forces  i n  the s k i n  i s  accounted f o r  by assuming t h a t  

the s t i f f e n e r s  i n  the idea l ized  panel have an a r e a  equal t o  the area 

of the a c t u a l  s t i f f e n e r s  plus  the area of the equivalent width of sheet.  

I n  t h i s  ideal ized panel, the s t r a i n  energies due t o  the following forces  

a r e  neglected: (1) normal forces  i n  the skin a c t i n g  perpendicular t o  

t h e  s t i f f e n e r s ,  ( 2 )  forces  i n  the thrust  post, ( 3 )  shearing f o r c e s  i n  

the  posts  and s t i f f e n e r s ,  and, (4) forces i n  the intermediate r ings.  

This analysis  a l so  assumes t h a t  t h e  upper r i n g  assembly e f f e c t i v e l y  

serves  as a r i g i d  support. 

and, ( b )  the  s t r a i n  

The s t r a i n  energy 
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Details of Generalized Force System f o r  Method I 
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Using the  notat ion employed. i n  reference 61, t he  matrix of f lex i -  

laid For 
b i l i t y  coef f ic ien ts  i s  a symmetrical matrix denoted by 

the  pa.nel shown i n  f i g u r e  E2, 

a. 

a 
192 

292 

. . . . . .  
1 9 3  

a. 

a. . . . . . .  
2 9 3  

“204, 2 

A s  indicated,  s ince  t h e  generalized force  system contains 204 general-  

ized forces ,  the a,. matrix i s  a. 204 x 204 matrix. c.3 
The elements i n  the  matrix of f l e x i b i l i t y  c o e f f i c i e n t s  tha.t comer  

spond t o  the  generalized forces  q 
1 

pos t  a r e  computed using equations B6 and B7 derived i n  Appendix B. 

through q8 a c t i n g  i n  t h e  hold-down 

The 

no ta t ion  used i n  computing the  f l e x i b i l i t y  c o e f f i c i e n t s  f o r  t h e  hold- 

d.om post i s  i l l u s t r a t e d  i n  figure EL. Referring t o  f i g u r e  Ek f o r  the 

necessary dimensions, t hese  f l e x i b i l i t y  coe f f i c i en t s  a re :  



- 3c23 where o,, - 
(1-c l3  

2 3  
23 

- c2 I n  c 23 

6c c23+1 c 
$ =a - + +  23 In c 

23 
23 (1-c l2  ( 2 1-c 

where 

23 

- L2 +L 
3,3 - O33 3A3E 

a 

- 2  - 
3,k = a4,3 6A3E 

a (Eq.  E7 

/ 

---- - - - + -  L3 L4 
“ 4 , W -  4 E 

- L4 
5,s  - qT + 

a 

where 

and. 

“5,6 = a 6,s  = 

where 

L4 q E  
L, 

‘56 

( Eq. E10)  

(Eq.E9) 
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I T =L$ L6 $1 

a6,6 3A6E 66 + 9 66 
(Eq.  E12) 

= - $  b = a  “6,7 7,6 6A7E 67 

6c 
where ($67 = 

- - - #  L6 +-$1 L7 
7,7 3A7E 77 3ABE 77 a 

A8 
78 A 7  

L, 

and. c = - 

8 

6c 
where $78 = 

L 

a 8,8 - - 7 $  88 (Eq. E16) 
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The f l e x i b i l i t y  coefficients corresponding t o  the a x i a l  loads i n  

the s t i f f e n e r s  a r e  computed noting that i n  each bay there  a r e  fourteen 

s t i f f e n e r  elements of  the same length and cross-section area. For ex- 

ample, i n  bay 2, 

- - - 
a 9,9 = a  16,16 = a23,23 = a  30,30 = a  37,37 - a44,44 = a51,S1 a58,S8 

= a  6565 = a72,72 = a'79,79 - a.86,86 = a  93,93 = a. 100,100 

- - - =  L1+L2 45 = 316.9523 x 

- 

3AE 3(4.5072)(10.5 x 10') 

= a  = a  59,59 66,66 

L L  -23 
= a  101,101- 3AE 

= a. 73,73 = a  80,80 = a  8?,8? - - "94,911 

- - = a  - = a  = a  - a86,87 - a87,86 93,94 - a94,93 100,101 101,100 

= 123.2596 x 2 35 L 
- 
- 6AE = 6(4.5072)(10.5 x io6) 

Similar  r e l a t ions  ex i s t  f o r  the s t i f f e n e r  f l e x i b i l i t y  coef f ic ien ts  i n  

the  other  bays. 

these f l e x i b i l i t y  coef f ic ien ts ,  they ma.y be expressed a s  follows: 

I n  order t o  u t i l i z e  a. d i g i t a l  computer t o  genera.te 

Lm+Lm+l a l+m+7n, l+m+?n - 3AE - 

..... , 7  m = 1,2,3, .  

n = 1,2,3, .  ... ..,a c where 
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and (Eq.El8) 

m = l ,2 ,3  ....... 6 
n = 1,2,3 ....... 14 where 

c 
I n  a s imi la r  manner, the f l e x i b i l i t y  coe f f i c i en t s  corresponding t o  

t he  shea.r f l o w s  ma.y be .expressed. a.s 

and. 

9. 82Lm 
= -  

106+m, 106+m G t  a 

where m = 1,2,3,. ..... , 7  
io.  4 6 ~ ~  

- - 
106+m+7n, 106+m+7n G t  a. 

(Eq. E19 ) 

(Eq. E20) 

m = 1,2,3, . . ,  .... 7 
n = 1,2,3 ........ 13 where 

c 
I n  equations E17, E18, E19 and E20, the  constants  ha.ve the  follow.- 

i ng  values: 

= L 
2 3  

= 35, L4 - - 19.5, L5 = 28.8, L6 = 29.6, L7 = 1 2 . 1 ,  L1 = 10, L 

6 6 L = 0 and. A. = 4.5072, E = 10.5 x 10 , G = 4 x 10 , t = 0.320. 8 
Equa.tions E2 through E20 d.efine a.11 the non-zero elements i n  the  a. i j  

ma.trix. There a.re 386 non-zero elements a.nd 41,230 zero elements i n  

the  aij matrix. 

The generalized. force  system shown i n  f i g u r e  E2 contains  98 re- 

’ q9 dund.ants. For t h i s  a.na.lysis, the  normal fo rces  i n  the s t i f f e n e r s  

through q were selected a.s t he  98 redundants. The u n i t  ex t e rna l  106’ 
load matrix, denoted by 

pla.ce o f  the ex te rna l  loads t o  t he  determinate s t r u c t u r e  obtained by 

gim , i s  formed by applying u n i t  loads i n  c3 
removing the redundants. 

qual  t o  the number of  generalized forces.  

The number of rows i n  the gim ma.trix i s  e- 

The number of  columns i n  

the  gim matrix i s  equal t o  the number of externa.1 1oa.d.s. For the  gen- 
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qual  t 
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For  the  generalized force  sys- the number of ex te rna l  loads. 

tem used i n  t h i s  analysis ,  the g. matrix i s  the  204 x 1 matrix given 
_ I -  

by equation E21. 

g1,1 

g2,1 

g3, 1 

g203, 1 

g204, 1 

( Eq. E21) 

- - - and g9 - - gl0 - - gll . . . . . . . .- g204 = 0 

The un i t  redundant force  matrix, denoted by , i s  formed by 

applying unit fo rces  i n  place of the redundants t o  the determinate 

he g matrix i s  equal  t o  the  number i r  
of generalized fo rces  and the  mxber of columns i s  equal t o  the number 

of  redundants. I n  t h i s  analysis ,  the gGm matrix is  t h e  204 x 98 ma- 
I I  

trix given by equation E22. 

g2,1 g2,2 

- '204,l g204, 2 

g1,3 ' g1,98 

g2,98 . . . . .  
g2, 3 

(Eq. E22 ) 



The values o f  the  elements i n  the f i rs t  column o f  the gir matrix a r e  

the  values of the generalized forces  when the first redundant, q9, i s  

s e t  equal t o  un i ty .  The values of the elements i n  the  second column 

a r e  obtained by s e t t i n g  the  second redundant, ql0, equal  t o  un i ty ,  e t c .  

For example, when q = 1, the  non-zero elements i n  the  f i rs t  column are :  9 

g 9 , 1  = +1*000 
-I 

+o. 1000 I - - + - =  

g107, 1 L1 

L 2  
- - - =  - -0.028571 

g108, 1 

The remaining 200 elements i n  the  f irst  column a re  each equal t o  zero.  

The s ign  convention was chosen so tha.t a pos i t i ve  normal fo rce  i n  t h e  

hold-down post o r  s t i f f e n e r s  represents  a compressive fo rce  and a 

pos i t i ve  shear f l o w  corresponds t o  a. shear f l o w  ac t ing  up on the  l e f t -  

hand edge of a panel element. A s  a f u r t h e r  example, the  elements i n  

the  eighth column of  the gir matrix a re  obtained by s e t t i n g  the  e ighth  

redundant 

column are:  

equal  t o  un i ty .  The non-zero elements i n  the e ighth  ’ q16’ 

g2,8 = -l*ooo 

g107, 8 gll~, 8 L1 

= +1.000 g16, 8 
- - = + - =  +0.1000 

The remaining 198 elements i n  the eighth column a r e  each equal t o  zero.  

I n  order t o  u t i l i z e  a d i g i t a l  computer t o  genera.te t he  elements i n  

i r  i r  t h e  g mtrix, the elements of  t he  g matrix may be expressed a s  

follows : 



= +1.0000 %+n, l+n 

= -1.0000 g2+n, l+n+7m 

where 
and 

n = 0,1.2, .... 6 
m = 0,1;2 ,...., 13 9 

1 
= - = +0.1000 

g107+7n, 1+7m L1 

- - - =  - -0.028571 
L2 g108+7n, 1+7m 

+O. 028571 - I - + - =  
L2 

g109+7n, 2+7m L 

g108+7n, 2+7m 

- - - =  - -0.028571 
3 

-0.051282 - - - - =  

L4 g110+7n, 3+7m 

41 

(Eq. E23) 

(Eq.E27) 

(Eq.E28) 

( Eq. E29 1 

(Eq. E30 

- 1 - + - = +0.03&722 g11-I 
L5 l l ~ + 7 n ,  5+7m 

g112+7n, 5+7m 

g112+7n, 6+7m 

g113+7n, 6+7m 

- - - =  - -0.033783 

=+,= +0.033783 

- - - =  - -0.0826U 

L6 

L6 

L7 
=+,= +0.082644 

L7 g113+7n, 7+7m 

In equations E25 through E37, 

m = 0,1,2,3 ,........., 13 
n = 0,1,2,3 ,......... ,m 

(Eq. E35 

(Eq.E37 1 
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Equations E23 through E37 define the  1561 non-zero elements of the  g i r  

matrix. The remaining 18431 elements a r e  each equal  t o  zero. 

and g i r  matrices,  a computer program i s  
i j ’  gim A.fter forming the  a 

required t o  perform the  following matrix operations:  

equation E22, 

E id i s  given by equation E l ,  

and Fjd i s  given by equation E21. 

The arn matrix is  a 98 x 1 matrix. 

( 2 )  Evaluate ( Eq E39 1 
The ars matrix i s  a 98 x 98 symmetrical matrix. 

( 3 )  Evaluate by E..-’). 
(4 )  Evaluate (Eq. E401 

The Grm matrix i s  a 98 x 1 matrix. 

(Eq. Ekl) 

The Gim matrix i s  a 204 x 1 matrix. 

The elements of the Gim matrix represent  the  d.esired so lu t ion .  

204 elements of t he  Gim matrix a r e  the values of  the generalized. fo rces  

91, 92’ Y 9204 due t o  t he  appl ica t ion  of  a u n i t  ex t e rna l  load 

The 

q1 = 1. The matrix operations may be checked by determining the matrix 

where Fjn] = [.i.l. If the Gim matrix i s  co r rec t ,  each element of  the  

A matrix given by equation E42 w i l l  be equal t o  zero.  r n  

The computer programs required t o  generate the elements of the  a i j  

i r  and g matrices were wr i t t en  by Mr. V. N.  Eubanks of t he  Computer 
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Division of  the GCMSFC. Mr. Eubanks a l so  wrote the programs required 

t o  perform the necessary matrix operations. 

The s t r e s s  d i s t r i b u t i o n  i n  the  panel was obtained from the  com- 

puter  so lu t ion  f o r  the  G matrix. 

values of the generalized forces due t o  a u n i t  ex te rna l  load, these 

values must be mult ipl ied by the rebound load of 1 .275  x 10 6 pounds 

Since the  Gim matrix gives the i m  

t o  obtain the  desired fo rce  d is t r ibu t ion .  

the compressive s t r e s s e s  i n  the hold-down post  a t  the ind ica ted  s t a -  

From the computer r e s u l t s ,  
1 

t i ons  a re :  

I 
f O  = 12,189 p s i  

flO- = 11,187 p s i  

flO+ = 22,037 p s i  

= 24,925 p s i  
I 

f45 

= 19,922 p s i  

= 25,029 p s i  
f99. 5 
f128.3 

= 37,653 p s i  

= 48,061 p s i  

f lS7.9 

170 
These s t r e s ses  are compared with the hold-downipost s t r e s s e s  obta.ined 

by Method I1 i n  f i g u r e  E6. 

The r e s u l t s  f o r  the compressive s t r e s s e s  i n  the  s t i f f e n e r s  and t h e  

shear flows i n  the s k i n  a r e  given i n  Tables E l  and E2 respect ively.  
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Method I1 

The analysis used i n  the second numerical example i s  referred t o  a s  

Method 11. 

hold-down post t o  which the load i s  applied and an unst i f fened equiva- 

l e n t  sheet.  

only normal s t r e s s e s  while the equivalent sheet  transmits both normal 

s t r e s s e s  and shearing s t resses .  The generalized force  system used i n  

t h i s  analysis  i s  shown i n  f igure  ES. 

represent the normal force  i n  the hold-down post  a t  the indicated sta- 

t ions,  q9 through q represent the  normal f o r c e  i n  the equivalent sheet  

a t  the indicated s t a t i o n s  and q through q represent the shear flows 79 148 
i n  the equivalent shee t .  

The ideal ized s t r u c t u r e  used i n  t h i s  ana lys i s  cons is t s  of  a 

The ana lys i s  assumes t h a t  the hold-down post  transmits 

I n  f i g u r e  ES, q through q8 1 

78 

Since the s t i f f e n e r s  a r e  uniformly spaced, the equivalent u n s t i f -  

fened sheet was obtained by d i s t r i b u t i n g  the t o t a l  s t i f f e n e r  area over 

the  width of  the panel. I n  t h i s  manner, the equivalent unst i f fened 

sheet  was found to  have a thickness o f  0.42163 inch. This procedure 

appears t o  be j u s t i f i e d  by the assumption t h a t  the  s t i f fened  sheet  does 

not buckle. 

The normal f o r c e  i n  the hold-down post  was assumed t o  vary l i n e a r -  

l y  between s t a t i o n s .  

was assumed t o  vary i n  the manner discussed i n  Appendix D. For a given 

panel element, such as shown i n  f igure D1, the  normal f o r c e  was assumed 

to vary l i n e a r l y  i n  the y-direction but remain constant i n  the x- 

d i r e c t i o n  while the shear flow was  assumed t o  be constant i n  the y- 

d i r e c t i o n  but vary l i n e a r l y  i n  the x-direct ion.  

The s t r e s s  d i s t r i b u t i o n  i n  the equivalent sheet  
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This analysis assumes t h a t  the t o t a l  s t r a i n  energy cons is t s  of the 

sum of the following: (1) the s t r a i n  energy due to  the  normal forces  

in  the hold-down post,  ( 2 )  the  s t r a i n  energy due t o  the normal forces  

i n  the  equivalent sheet, (3 )  the  s t r a i n  energy due t o  the shear flow i n  

the equivalent sheet.  I n  t h i s  analysis,  the s t r a i n  energies due t o  the 

following forces a r e  neglected: (1) normal forces  i n  the skin t h a t  a c t  

normal t o  the s t i f f e n e r s ,  

forces  i n  the posts,  ( 4 )  f o r c e s  i n  the intermediate r ings.  

sis a l so  assumes t h a t  the upper r ing  assembly serves a s  a r i g i d  support. 

For  t h i s  analysis ,  the a i j  matrix i s  the 148 x 148 symmetrical ma- 

( 2 )  forces  i n  the t h r u s t  pos t ,  (3) shearing 

This analy- 

t r ix  given by equation E43. 

......... 1,148 

2,148 

a a 

a a 
1 9 2  193 

293  232 

a 

a 
1 3 1  

231 

a 

a ......... 

The elements of the a matrix corresponding t o  the f l e x i b i l i t y  coef- 

f i c i e n t s  f o r  the  hold-down post  are  the same as those f o r  Method I as 

i j  

given by equations E2 through ~16. The f l e x i b i l i t y  c o e f f i c i e n t s  cor-  

responding t o  the normal f o r c e s  i n  the equivalent shee t  are:  
T 

L +L 
- 1 2  

2+7n, 2+7n 3bntE 

- L2+L3 
3+7n, 3+7n 3bntE 

- -  a 

- -  a 

L +L 
- 3 4  - -  

4'711, 4+7n 3bntE a 
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L +L 
a - -ks  

5+7n, 5+7n 3bntE 

- - L5+L6 
6+7n, 6+7n 3bntE a 

- -A 
8+7n, 8+7n 3bntE 

= a  
2+7n,3+7n 3+7n,2+7n - 

a 

- L2 a 
n 

I 
n L, 

tl L a 6 + 7 n , 7 + 7 n  = a  7+7n,6+7n = 6sktp - 

- = a  7+7n,8+7n 8+7n,7+7n - a 
n 

I n  equations E&, 

n = 1,2 ,3  ,........, 10 

(Eqs. E44 cont f d)  

19-59 L = 28.8, L6 = 29-49 L7 = 12.1 5 = L 
2 3  = 35, L4 = L1 = 10, L 

b = b  = 2 , b  = b  5 , b  = b  = 1 0 , b  = b  = 2 0 , b  = L O ,  
1 2  3 4 =  5 6  7 8  9 

b10 = 41.64 

E = 10.5 x 10 6 and t = 0.42163. 

The f l e x i b i l i t y  coeff ic ients  corresponding t o  the shear  f l o w s  i n  the 

equivalent sheet are:  



L b  m n  
“71+7n+m, 78+7n+m 78+7n+m,71+7n+m - 6Gt 

a 

- 
= a. 

m 
7 8+m, 78+m 3Gt 

2L 
- . - -  

I n  eqmt ions  E45, 

blo = 41.64 

6 
G = 4 x 10  and t = 0.42163 

Equations E2 through ~ 1 6  along with equations 4 4  and E45 de f ine  the 

408 non-zero elements of  t h e  a i j  matrix f o r  Method 11. 

The generalized force system used i n  Method I1 contains  70 

redundants. 

The un i t  ex t e rna l  load matrix, gim, was formed by considering the  

through g a s  t h e  70 redundants. I n  normal forces  i n  the shee t  ’ g9 

t h i s  manner, 

78 

(Eq.Eb6) ,, 



The un i t  redundant fo rce  matrix, gir, was formed by s e t t i n g  the  

redundants q through q equal t o  unity. The values  i n  column 1 of  

the  g i s  equal 

t o  unity;  t he  values i n  column 2 when q 

9 78 
matrix a r e  the values of generalized fo rces  when q 

i r  9 
i s  equal t o  unity,  e t c .  10 

Defining the gir matrix a s  

g1,3 - 

. . . . . . . . . .  
ments of the gir matrix are given by: 

1 
1 - \ 
1 

+-?- - - 
= +l (Eq. E481 g 8 h  n 

where n = 1,2,3,. .... .,70 

= -1.0000 gl+n, n+'/m 

..... where n = 1,2,3,. 9 7  
m = 0,1,2 ....... ,9  and. 

1 I = + -  
L1 g79+7n, 1 + 7 m  

- 1 1 - - - =  - -  - - 
L2 L3 

g80+7n, 1 + 7 m  g81+7n, 2+7m 

1 1 = - I . - = + -  - - 
L2 L3 g80+7n, 2+7m g81+7n, 3+7m 

- 1 - - -  
L4 g82+7n, 3+7m 



1 = + -  
g83+7n, 5+7m L5 

- 1 

g84+7n, 5+7m L6 
_ - -  (Eqs .E50 cont d )  

1 

g84+7n, 6+7m L6 
= + -  

1 = + -  
g85+7n, 7*7m L7 

I n  equations ESO, 

m = 0,1,2 ......... 9 

n = 0,1,2 ......... m 

L1 = 10, L = L = 35,  L4 = 19.5, L5 = 28.8, L 6  = 29.6, L7 = 1 2 . 1  2 3  

Equations Ek8, E@, and E50 def ine the 855 non-zero elements of  the  gir 

matrix of  equation E47. 

The required matrix operations are the same a s  those f o r  Method I 

given by equations ~ 3 8 ,  E39, ELO, and Ebl .  

as a check equation. 

Equation E42 aga in  serves  

From the  computer solut ion,  t h e  compressive s t r e s s  i n  the  hold- 

down post  are:  

= 12,189 p s i  

= 10,821 p s i  
fO 

10 
flO+ = 21,317 p s i  

L 



= 23,221 p s i  

= 19,178 p s i  

f80+ = 20,292 p s i  

= 18,408 psi 

f128.3 = 22,677 p s i  

f157.9 = 32,554 p s i  

= 40,551 psi 

f45 
80 

f99.5 

170 

, The compressive s t r e s ses  ,n the hold-down post  obtained by Method 
I 

I 
I1 are compared with those obtained by Method I i n  f igure  E6. 

compressive stress d i s t r ibu t ion  i n  the equivalent sheet and the shear 

flow d i s t r i b u t i o n  i n  the equivalent sheet,  as determined by Method 11, 

The 

I 
t 

a r e  given i n  Tables E3 and 4 respectively.  

rv 
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